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1. Introduction 


Recently, Strominger, Ooguri and Vafa |I]| made a remarkable conjecture relating four¬ 
dimensional BPS black holes in type II string theory compactified on a Calabi-Yau manifold 
X to the gas of topological strings on X. The conjecture states that the supersymmetric 
partition function Zbrane of the large number N of D-branes making up the black hole, is 
related to the topological string partition function Z top as 

Zbrane = \Z top \ 2 , 

to all orders in’t Hooft 1/N expansion. This provides an explicit proposal for what com¬ 
putes the corrections to the macroscopic Bekenstein-Hawking entropy of d — 4, J\f — 2 
black holes in type II string theory. Moreover, since the partition function Zbrane makes 
sense for any N. this is providing the lion-perturbative completion of the topological string 
theory on X. A lion-trivial test of the conjecture requires knowing topological string par¬ 
tition functions at higher genus on the one hand, and on the other explicit computation of 
D-brane partition functions. Since neither are known in general, some simplifying circum¬ 
stances are needed. 

Evidence that this conjecture holds was provided in @111 in a special class of local 
Calabi-Yau manifolds which are a neighborhood of a Riemann surface S. The conjecture 
for black holes preserving 4 supercharges was also tested to leading order in |4|] || || . The 
conjecture was found to have extensions to 1/2 BPS black holes in compactifications with 
Af — 4 supersymmetry [|7j || @] || . In @ the version of the conjecture for open topological 
strings was formulated. 

In this paper we consider black holes on local Calabi-Yau manifolds with torus sym¬ 
metries. The local geometry with the branes should be thought of as an appropriate 
decompactification limit of compact ones. While the Calabi-Yau manifold is non-compact, 
by considering D4-branes which are also non-compact as in |2j| [|3| , one can keep the entropy 
of the black hole finite. The non-compactness of the D4 branes turns out to also be the 
necessary condition to get a large black hole in four dimensions. Because the D-branes 
are noncompact, different choices of boundary conditions at infinity on the branes give 
rise to different theories. In particular, in the present setting, a given D4 brane theory 
cannot be dual to topological strings on all of X , but only to the topological string on 
the local neighborhood of the D-brane in X. This constrains the class of models that can 
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have non-perturbative completion in terms of D4 branes and no D 6 branes, but includes 
examples such as neighborhood of a shrinking P 2 or P 1 x P 1 in X. 

The paper has the following organization. In section 2 we review the conjecture of 
[I] focusing in particular to certain subtleties that are specific to the non-compact Calabi- 
Yau manifolds. We describe brane configurations which should be dual to topological 
strings on the Calabi-Yau. In section 3 we explain how to compute the corresponding 
partition functions Z\, rane . The D4 brane theory turns out to be described by qYM theory 
on necklaces and chains of P 1 . Where the different P 1 's intersect, one gets insertions 
of certain observables corresponding to integrating out bifundamental matter from the 
intersecting D4 branes. The qYM theory is solvable, and corresponding amplitudes can be 
computed exactly. In section 4 we present our first example of local P 2 . We show that the 
’t Hooft large N expansion of the D-brane amplitude is related to the topological strings 
on the Calabi-Yau, and moreover and show that the version of the conjecture of |1!] that 
is natural for non-compact Calabi-Yau manifolds [EJ] is upheld. In section 5 we consider 
an example of local P 1 x P 1 . In section 6 we consider N D-branes on (a neighborhood of 
an) Aj~ type ALE space. We show that at finite N our results coincide with that of H. 
Nakajima for Euler characteristics of moduli spaces of U(N ) instantons on ALE spaces, 
while in the large N limit we find precise agreement with the conjecture of jlj. 


2. Black holes on Calabi-Yau manifolds 

Consider IIA string theory compactified on a Calabi-Yau manifold X. The effective d — 
4, J\T — 2 supersymmetric theory has BPS particles from D-branes wrapping holomorphic 
cycles in X. We will turn off the D 6 brane charge, and consider arbitrary DO, D2 and D4 
brane charges. 

2.1. D-brane theory 

Pick a basis of 2-cycles [C a ] G /^(X, Z). and a dual basis of 4-cycles [D a ] G H^X. Z), 
a — 1 ,...h l ' l (X), 

#(D a nc b ) = 5 a b . 

This determines a basis for h 1,1 1/(1) vector fields in four dimensions, obtained by in¬ 
tegrating the RR 3-form C 3 on the 2-cycles C a . Under these U(l)'s D2 branes in class 
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[C] G i7 2 (X, Z ) and D4 branes in class [D\ G i7 4 (X, Z ) carry electric and magnetic charges 
Q 2 a and Q 4 b respectively: 


[C] = ^<? 2„[C“], [D] = ^Q 4 “[r , <.]. 

a a 

We also specify the DO brane charge Q o- This couples to the one extra 17(1) vector 
multiplet which originates from RR 1-form. 

The indexed degeneracy 

fl(Q 4 a , Ql ai Qo) 


of BPS particles in spacetime with charges Qo, Q 2 ,a, Q 4 can be computed by counting 
BPS states in the Yang-Mills theory on the D4 brane 0 . This is computed by the 
supersymmetric path integral of the four dimensional theory on D in the topological sector 
with 


Qo = J D trF A K Q ^ = hJ c X K 

Since D is curved, this theory is topologically twisted, in fact it is the Vafa-Witten twist 
of the maximally supersymetric J\f — 4 theory on D. 


2.2. Gravity theory 

When the corresponding supergravity solution exists, the massive BPS particles are 
black holes in 4 dimensions, with horizon area given in terms of the charges 


Abh — 

where C a bc are the triple intersection numbers of X, and Qo = Qo — ^C ab Q2aQ‘2b^ The 
Bekenstein-Hawking formula relates this to the entropy of the black hole 

Sbh= \a B h. 


- \c ab c Q4 a Q4 b Q4 c \Q'o\ 


For large charges, the macroscopic entropy defined by area, was shown to agree with the 
microscopic one [TOj JTlJ . The corrections to the entropy-area relation should be suppressed 
by powers in 1 jA bh (measured in plank units). 

Following [|12|, Ooguri, Strominger and Vafa conjectured that, just as the leading 
order microscopic entropy can be computed by the classical area of the horizon and genus 


1 /^iab /o 

O Ubd 


55 , 


c ab = 


CabcQ 


c 

4 
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zero free energy Fq of A-model topological string on X , the string loop corrections to the 
macroscopic entropy can be computed from higher genus topological string on X: 


ZYM(QZ,f a ,V°) = \z top (r,g ,)\ 2 


( 2 . 1 ) 


where 


Z Y M{Qi a :^ a ^°) = ^(QhQ-2a,Qo) exp(-Q 0 ip° - Q 2a <p a )- 

Q 2 a 1Q0 

is the partition function of the J\f = 4 topological Yang-Mills with insertion of 




trF A F — ^ ^ I to a A frF) 


“A 8ir2 

a 

where we sum over all topological sectors.^ The Kahler moduli of Calabi-Yau, 


( 2 . 2 ) 


t a = / k + iB 

Jc a 

and the topological string coupling constant g s are fixed by the attractor mechanism: 

= + **>“) g, 

g s = 4t x/ip° 

Moreover, since the loop corrections to the macroscopic entropy are suppressed by powers 
of 1/iV 2 where N ~ (CabcQtQ^QT) 1 ^ 3 10]] the duality in ( |2.1|) should be a large N duality 
in the Yang Mills theory. 


2.3. D-branes for large black holes 

Evidence that the conjecture (^Tj) holds was provided in ||] |§ for a very simple class 
of Calabi-Yau manifolds. We show in this paper that this extends to a broader class, 
provided that the classical area of the horizon is large. This imposes a constraint on the 
divisor I), which is what we turn to next. 

Recall that for every divisor D on X there is a line bundle C on X and a choice of a 
section sp such that D is the locus where this section vanishes, 


sd = 0 . 

2 Above, uo a are dual to C a , f ca Ub — S a b- 
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Different choices of the section correspond to homologous divisors on X , so the choice of 
[D] e H^X. Z) is the choice of the first Chern-class of C (this is just Poincare duality but 
the present language will be somewhat more convenient for us) . 

The classical entropy of the black hole is large when [D] is deep inside the Kahler cone 
of X , [[TT[ , i.e. [D\ is a “very ample divisor”. Then, intersection of [D] with any 2-cycle 
class on X is positive, which guarantees that 

C abc t a t b t c > 0. 


Moreover, the attractor values of the Kahler moduli are also large and positive 


Re(t a ) » 0. 

Interestingly, this coincides with the case when the corresponding twisted J\f — 4 theory is 
simple. Namely, the condition that [D\ is very ample is equivalent to 

h 2 ’°(D) > 0. 


When this holds, B.B , the Vafa-Witten theory can be solved through mass deforma¬ 
tion. In contrast, when this condition is violated, the twisted J\f = 4 theory has lines of 
marginal stability, where BPS states jump, and background dependence.! 

In the next subsection, we will give an example of a toric Calabi-Yau manifold with 
configurations of D4 branes satisfying the above condition. 


2-4- An Example 
Take X to be 

X - 0(—3) -> P 2 . 

This is a toric Calabi-Yau which has a d — 2 J\f — (2,2) linear sigma model description 
in terms of one U( 1) vector multiplet and 4 chiral fields X L . i — 0, ...3 with charges 
(—3,1, 1,1). The Calabi-Yau X is the Higgs branch of this theory obtained by setting the 
D-term potential to zero, 


|^i| 2 + |^ 2| 2 + |^ 3 | 2 = 3|X 0 | 2 + r t 
3 We thank C. Vafa for discussions which led to the statements here. 
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and modding out by the U( 1) gauge symmetry. The Calabi-Yau is fibered by T 3 tori, 
corresponding to phases of the four X’s modulo U(l). Above, ry > 0 is the Kahler modulus 
of X, the real part of t — J c k + iB. The Kahler class [k] is a multiple of the integral class 
[D t \ which generates H 2 (X,Z ), [k\ — ry [D t ], 

Consider now divisors on X. A divisor in class 

[D] = Q [D t ] 

is given by zero locus of a homogenous polynomial in X t of charge Q in the linear sigma 
model: 

D: s Q d (X o,...,X 3 ) = 0 . 

In fact is a section of a line bundle over X of degree Q\Dt\. A generic such divisor 
breaks the U{ l ) 3 symmetry of X which comes from rotating the T 3 fibers. There are 
special divisors which preserve these symmetries, obtained by setting X % to zero, 

D, : Xi — 0. 

It follows that [Di^, 3 ] = [Dt], and that [D 0 \ = —3 [D t \. The divisor D 0 corresponds to the 
P 2 itself, which is the only compact holomorphic cycle in X. 



Fig. 1. Local P 2 . We depicted the base of the T 3 hbration which is the interior of 
the convex polygon in R 3 . The shaded planes are its faces. 

As explained above, we are interested in D4 branes wrapping divisors whose 
class [D] is positive, Q = Q\ > 0. Since the compact divisors have negative 
classes, any divisor in this class is 11011 -compact 4-cycle in X. The divisors have 
a moduli space A4q, the moduli space of charge Q polynomials, which is very 
large in this case since X is non-compact and the linear sigma model contains 
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a field Xq of negative degree. If D were compact, the theory on the D4 brane 
would involve a sigma model on A 4q. Since D is not compact, in formulating 
the D4 brane theory we have to pick boundary conditions at infinity. This picks 
a point in the moduli space A4q, which is a particular divisor D. 

Now, consider the theory on the D4 brane on D. Away from the boundaries 
of the moduli space A4q. the theory on the D4 brane should not depend on 
the choice of the divisor, but only on the topology of D. In the interior of 
the moduli space, D intersects the P 2 along a curve E of degree Q. which is 
generically an irreducible and smooth curve of genus g — (Q — 1 )(Q — 2 )/ 2 , and 
D is a line bundle over it. The theory on the brane is a Vafa-Witten twist of the 
maximally supersymmetric J\f — 4 gauge theory with gauge group G — U{ 1). 
At the boundaries of the moduli space, E and D can become reducible. For 
example, E can collapse to a genus zero, degree Q curve by having s® — Xf. 
corresponding to having D — Q ■ D\. Then D is an 0(— 3) bundle over P 1 , and 
the theory on the D4 brane wrapping D is the twisted J\f = 4 theory with gauge 
group G — U(Q ) with scalars valued in the normal bundle to D. 

Both of these theories were studied recently in [|3) in precisely this context. 
In both cases, the theory on the D4 brane computes the numbers of BPS bound- 
states of DO and D2 brane with the D4 brane. Correspondingly, the topological 
string which is dual to this in the 1/Q expansion describes only the maps 
to X which fall in the neighborhood of D. In other words, the D4 brane 
theory is computing the non-perturbative completion of the topological string 
on Xe> where Xp is the total space of the normal bundle to D in X. It is 
not surprising that the YM theory on the (topologically) distinct divisors D 
gives rise to different topological string theories - because D is non-compact, 
different choices of the boundary conditions on D give rise to a-priori different 
QFTs. 

It is natural to ask if there is a choice of the divisor D for which we can 
expect the YM theory theory to be dual to the topological string on X — 
O (—3) —> P 2 . Consider a toric divisor in the class [D\ — Q[Dt] of the form 

D — JViPi + IV 2 -D 2 + Y 3 D 3 

where Q = N\ +N 2 + N 3 for N t positive integers. The D4 brane on D will form 
bound-states with D2 branes running around the edges of the toric base, and 


(2.3) 
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arbitrary number of the DO branes. Recall furthermore that, because X has 
17(1) symmetries, the topological string on X localizes to maps fixed under the 
torus actions, i.e. maps that in the base of the Calabi-Yau project to the edges. 
It is now clear that the D4 branes on D in (|2.3|) are the natural candidate to 
give the non-perturbative completion of the topological string on X. We will 
see in the next sections that this expectation is indeed fully realized. 

The considerations of this section suggest that of all the toric Calabi-Yau 
manifolds, only a few are expected to have non-perturbative completions in 
terms of D4 branes. The necessary condition translates into having at most 
one compact 4-cycle in X, so that the topological string on the neighborhood 
Xd of an ample divisor can agree with the topological string on all of X. Even 
so, the available examples have highly non-trivial topological string amplitudes, 
providing a strong test of the conjecture. 


3. The D-brane partition function 

In the previous section we explained that D4-branes wrapping non¬ 
compact, toric divisors should be dual to topological strings on the toric Calabi- 
Yau threefold X. The divisor D in question are invariant under T 3 action on 
X . and moreover generically reducible, as the local P 2 case exemplifies. In this 
section we want to understand what is the theory on the D4 brane wrapping 
D. 

Consider the local P 2 with divisor D as in ( |2.3| ). Since D is reducible, the 
theory on the branes is a topological Af — 4 Yang-Mills with quiver gauge group 
G — U(Ni) x U(N 2 ) x U(Ns). The topology of each of the three irreducible 
components is 

Di : 0{- 3) -> P 1 

In the presence of more than one divisor, there will be additional bifundamental 
hypermultiplets localized along the intersections. Here, I)\ . D 2 and D : > intersect 
pairwise along three copies of a complex plane at X, t = 0 = Xj. i ^ j. 

As shown in the four-dimensional twisted Af — 4 gauge theory on 



with ( |2.2|) inserted is equivalent to a cousin of two dimensional Yang-Mills 
theory on the base E = P 1 with the action 

S — — [ tr $ A F 4- [ tr $ A [ tr <f> 2 A uoy (3-1) 

9s J e 9s J e 2 g s Jy, 

where 9 — (p 1 /2irg s . The four dimensional theory localizes to constant configu¬ 
rations along the fiber. The field $(z) comes from the holonomy of the gauge 
field around the circle at infinity: 


'fiber 


F(z) 



4>M- 


(3.2) 


Here the first integral is over the fiber above a point on the base Riemann 


surface with coordinate z. The (3T) is the action, in the Hamiltonian form, of 
a 2 d YM theory, where 

$0) = 9s 


d 


dA(z ) 


is the momentum conjugate to A. However, the theory is not the ordinary YM 
theory in two dimensions. This is because the the field <f> is periodic. It is 
periodic since it comes from the holonomy of the gauge field at infinity. This 
affects the measure of the path integral for T is such that not <f> but expiiA) 
is a good variable. The effect of this is that the theory is a deformation of the 
ordinary YM theory, the “quantum” YM theory 0. 

Integrating out the bifundamental matter fields on the intersection should, 
from the two dimensional perspective, correspond to inserting point observables 
where the P^s meet in the P 2 base. We will argue in the following subsections, 
that the point observable corresponds to 


]TTr K V- ( - ) 1 Tr R r (i+1) (3.3) 

V, 


where 


T t £ A (i) 

v (i) = e f 


V (i+ 1) — e 




The point observables T 1 -''-* and <I>b+ 1 ) are inserted where the P 1 \s intersect, and 
the integral is around a small loop on P 2 arount the intersection point. The sum 
is over all representations 1Z that exist as representations of the gauge groups 


9 




on both Pj and P,- +1 . This means effectively one sums over the representations 
of the gauge group of smaller rank. 

By topological invariance of the YM theory, the interaction ( |3.3| ) depends 
only on the geometry near the intersections of the divisors, and not on the 
global topology. For intersecting non-compact toric divisors, this is universal, 
independent of either D or X. In the following subsection we will derive this 
result. 

3.1. Intersecting D4 branes 

In this subsection we will motivate the interaction ( |3.3|) between D4-branes 
on intersecting divisors. The interaction between the D4 branes comes from 
the bifundamental matter at the intersection and, as explained above, since 
the matter is localized and the theory topological, integrating it out should 
correspond to universal contributions to path integral over D /_ and D /,> that are 
independent of the global geometry. Therefore, we might as well take D' s, and 
X itself to be particularly simple, and the simplest choice is two copies of the 
complex 2-plane C 2 in X — C 3 . We can think of the pair of divisors as line 
bundles fibered over disks C„ and Ci, . One might worry that something is lost 
by replacing E by a non-compact Riemann surface, but this is not the case - as 
was explained in 0 because the theory is topological, we can reconstruct the 
theory on any X from simple basic pieces by gluing, and what we have at hand 
is precisely one of these building blocks. 



lines in the figure on the left correspond to three disks C a , Cb, C a+ b over which the 
a, b and (a + b ) 1-cycles of the lagrangian T 2 x R fibration degenerate. The cycles of 
the T 2 which are finite are depicted in the figure on right. 
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The fields at the intersection C a + b — Dr D Dr transform in the bifun¬ 
damental ( M,N ) representations of the U(M ) x U(N ) gauge groups on the 
D-branes. We will first argue that the effect of integrating them out is insertion 
of 

Y It* exp (i l ATy-r exp (i (f A^) (3.4) 

n Js l M 

where j> gl A^ and § sl A^ are the holonomies of the gauge fields on Dr and 

b b 

Dr respectively around the circle at infinity on the cap C a+b - i.e. Si = dC a+b , 
see figure 2. (If this notation seems odd, it will stop being so shortly). 

We will argue this by consistency as follows.!! First, note that there is 
correlation between turning of certain fluxes on Dr and Dr. To see this note 
that, if one adds D2 branes along C a + b , the D2 branes have the effect of turning 
on flux on both Dr and Dr. Consider for simplicity the case where M = 1 = N. 

The fact that the corresponding fluxes are correlated is the statement that 
J F l C = J F l l{> where integrals are taken over the fibers over a point on C a + b 
in the divisors Dr and Dr respectively, where we view Drr as fibrations over 
C a +b■ Since Si = dC a+b this is equivalent to 


#) = 


s 1 ,, 

a-\-b 


+ R i 


(3.5) 


i-\-b 


where is the one cycle in X that vanishes over C a + b (this cycle is well 
defined in X as we will review shortly). This is consistent with insertion of 


7lG Z 


exp (in & #)) exp (in 6 +V). 


(3,6) 


because f sl A^ L ' R ^ and § sl are canonically conjugate, (one way to see 

^ b ^ a-\~b 

this is to consider the qYM theory one gets on C a + b ■ Then insertion of (|3.6|) 


implies (|3.5| ) as an identity inside correlation functions). For general M, N 
gauge and Weyl invariance imply precisely (|3.4|). 

We must still translate the operators that that appear in (|3.4| ), in terms of 
operators and A^ L,R ^ in the qYM theories on C a and C b . This requires 

understanding of certain aspects of T 3 fibrations. While any toric Calabi-Yau 
threefold is a lagrangian T 3 fibration, it is also a special lagrangian T 2 x R 


We thank C. Vafa for suggesting use of this approach. 
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fibration, where over each of the edges in the t-oric base a (p, q) cycle of the T 2 
degenerates. The one-cycle which remains finite over the edge is ambiguous. 
In the case of C 3 , we will choose a fixed basis of finite cycles (up to SL( 2, Z) 
transformations of the T 2 fiber), that will make the gluing rules particularly 
simple.! This is described in figure 2. In the figure, the 1-cycles of the T 2 that 
vanish over C a , Cb and C a +b are S 3 , S b , S* +b , respectively. These determine 
the point observables $’s in the qYM theories on the corresponding disk. We 
have chosen a particular basis of the 1-cycles that remain finite. From the figure 
it is easy to read off that 


#) = 


a( l ) 


i + b 


Cl 


A_{R) — 


which justihes (3.3). In the next subsection we will compute the qYM ampli¬ 
tudes with these observables inserted. 


3.2. Partition functions of qYM 

Like ordinary two dimensional YM theory, the qYM theory is solvable 
exactly ||] . In this subsection we will compute the YM partition functions with 
the insertions of observables ( | 3 . 3 |) . In |j3j| it was shown that qYM partition 
function Z( E) on an arbitrary Riemann surface E can be computed by means 
of operatorial approach. Since the theory is invariant under area preserving 
diffeomorphisms, knowing the amplitudes for E an annulus A, a pant P and a 
cap C, completely solves the theory - amplitudes on any E can be obtained from 
this by gluing. In the present case, we will only need the cap and the annulus 
amplitudes, but with insertions of observables. Since the Riemann surfaces in 
question are embedded in a Calabi-Yau, we are effectively sewing Calabi-Yau 
manifolds, so one also has to keep track of the data of the fibration. The rules 
of gluing a Calabi-Yau manifold out of C 3 patches are explained in [[L5| and we 
will only spell out their consequences in the language of 2d qYM. 

In the previous subsection, the theory on divisors Dl and Dr in C 3 was 
equivalent to qYM theories on disks C a and Cb , with some observable inser¬ 
tions. These are Riemann surfaces with a boundary, so the corresponding path 


5 In the language on next subsection, this corresponds to inserting precisely q pC ' 2 to get 
0 (—p) line bundle 
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integrals define states in the Hilbert space of qYM theory on S 1 . Keeping the 
holonomy U = Pe $ ' 4 fixed on the boundary, the corresponding wave function 
can be expressed in terms of characters of irreducible representations 77 of U(N ) 
as: 

Z{U) = Y J z n^nU 
n 

The first thing we will answer is how to compute the corresponding states, and 
then we will see how to glue them together. As we saw in the previous section, 
the choice of the coordinate A on the boundary is ambiguous, as the choice 
of the cycle which remains finite is ambiguous. This ambiguity is related to 
the choice of the Chern class of a line bundle over a non-compact Riemann 
surface, i.e. how the divisors P>l,r are fibered over the corresponding disks. 

The simplest choice is the one that gives trivial fibration, and this is the one 
we made in figure 2 (this corresponds to picking the cycle that vanishes over 
C a+b ). 

The partition function on a disk with trivial bundle over it and no insertions 
is 

Z(C)(U)= Son e* ec ^ Tr n U, (3.7) 

neu(N) 

Above, Ci (77) is the first casimir of the representation 77, and S-rv(N, g s ) is a 
relative of the S-matrix of the U(N) WZW model 

S nQ (N,g s ) = <w) q HK+P»)MQ+P»), (3.8) 

wESn 

where 

q = exp(-g s ) 

and Sn is Weyl group of £7 (TV ) and (>n is the Weyl vector.! 

Sewing and Tir is done by 

Z(Z L UE fl )= f dU Z(£ L )(U) Z(E i? )(t/- 1 ) = ^ Z n (E L )Z n (E R ) 

J n 

6 The normalization of the path integral is ambiguous. In our examples in sections 4-6 we will 
choose it in such a way that the amplitudes agree with the topological string in the large N limit. 
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For example, the amplitude corresponding to S = P 1 with O(-p) bundle over 
it and no insertions can be obtained by gluing two disks and an annulus with 
()(—p) bundle over it: 


Z(A,p)(?7 1 , U 2 ) = ^ q pC*m/ 2 e ie Cl (K) TrnUi Trn u 2 

neu(N) 


This gives 


Z(P\p)=J^(S 0K ) 


2 pc 2 (n)/2 iec 1 (n) 


(3.9) 


(3.10) 


n 


(3.12) 


In addition we will need to know how to compute expectation values of 
observables in this theory. As we will show in the appendix B, the amplitude 
on a cap with a trivial line bundle and observable Tvq m $s lA inserted 
equals 

Z{C, Tvq A )(U) = J2^ C2 iQ) SQA N ,9s)Tr n U. (3.11) 

n 

where U is the holonomy on the boundary. 

It remains to compute the expectation value of the observables in (|3.3|) in 
the two-dimensional theory on C a and Cb■ The amplitude on the intersecting 
divisors Dr, Dr is 

Z{V){U^ L \U^) = V QV (M,N)Tr Q U^Tr v uW 

Qeu(M),veu(N) 

V qv (M, N)= S Qk( m , 9 s) Snv(N , g s ) 

neu(M) 

In the above, is the holonomy at the boundary of C a and Cf,. 

When M — N, there is a simpler expression for the vertex amplitude in 
(|3.12|) . Using the definition of S-p-R (|3.8|) and summing over 1Z we have 

Vvq = d N (q) q~^ V) &p Q q~* C * {Q) (3.13) 

m 2 

and where 9(q) — X)mez 9 2 • This is related to the familiar realization in WZW 
models of the relation 

STS = (TST)- 1 

between SL( 2, Z) generators S and T in WZW models where 

Tkq = q l * C2(n) SnQ, S^ v (g s: N ) = S nv (-g s , N) = S nv (g s , N ). (3.14) 

The difference is that there is no quantization of the level k here. Even at a 
non-integer level, this is more straightforward in the SU(N) case, where the 


theta function in (|3.13|) would not have appeared. 
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3.3. Modular transformations 


The partititon functions of D4 branes on various divisors with chemical 
potentials 


1 


e 


S^d — x— / tr F A F H-/ trF A cu, 


2 9, 


9s 


turned on, are computing degeneracies of bound-states of Q 2 D2 branes and Q 0 
DO branes with the D4 branes, where 


Qo = f tvF ' <\ Qi - A f tv. F Aw, 


(3.15) 


so the YM amplitudes should have an expansion of the form 


Z qYM = ^0(Qo,Q2,Q 4 )exp 


q o,gi 


47r 2 
9s 


Q 0 


2t :9 
9s 


Qj 


(3.16) 


The amplitudes we have given are not expansions in exp( — l/^ s ), but rather in 


exp(—g s ), so the existence of the ( |3.16|) expansion is not apparent at all. The 
underlying AT — 4 theory however has S duality that relates strong and weak 
coupling expansions, so we should be able to make contact with ( |3.16| ). 

Since amplitudes on more complicated manifolds are obtained from the sim¬ 
pler ones by gluing, it will suffice for us to show this for the propagators, vertices 
and caps. Consider the annulus amplitude Using the Weyl-denominator 
form of the U(N ) characters Tt-rU — A#(u) -1 J2 w eS n ( — ) uj e u ’^ u ' > ’U^+ pn) we 
can rewrite Z(A,p) as 


Z{A,p)(U,V) = q% n2 e n{iu ~ w{iv)) 

n£Z ,v wESn 

which is manifestly a modular form,0 which we can write 


Z(A,p)(U,V) = Ah(u)- 1 A h (v) 


— 1 a — 1 f9sP 

2 t r 


N_ 

2 


ysp \ 2 ~ 

meZ N wES n 


u — w(v) 


(3.17) 


where in terms of q — e 47r / 9s . In the above, the eigenvalues Ui of U are 
written as Ui — exp{iui ), and A h(u) enters the Haar measure: 


dU — J Y\duiA H (uY 


Recall, 6{r,u) - (-ir) s e I7r “ @(- 7 , 7 ), where 0(r, u) - 


■ez 


^2niu 
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Note that, in gluing, the determinant A h(u) 2 factors cancel out, and simple 
degeneracies will be left over. 

Similarly, the vertex amplitude ( |3.12| ) corresponding to intersection of N 
and M D4 branes can be written as (see appendix C for details): 


Z(U,V) = A H (u)~ 1 A H (v)- 1 9 M (q) ^2 q-^™ 2 e m ' v ^ (-)“ ^ e n(-w(iu)+iv-g.( PN - PM )) 

me z M weS N ne z N 

(3.18) 

where v. pm are regarded as N dimensional vectors, the last N — M of whose 
entries are zero. We see that Z(U, V ) is given in terms of theta functions, so it 
is modular form, its modular transform given by 


Z(U,V) = A„(u)- 1 A„(v )- 1 (|d ^ e M (q) E 9" 1 

me z M 


2tt 


— ^ (m+iv/ 27r) 2 


E (-)“ E 

weSN nez N 


D n(-w(iu)+iv—g 3 {p N —p M )) 


(3.19) 


In a given problem, it is often easier to compute the degeneracies of the BPS 
states from the amplitude as a whole, rather than from the gluing the S-dual 
amplitudes as in (|3.19|) . Nevertheless, modularity at the level of vertices, prop¬ 
agators and caps, demonstrates that the 1 /g s expansion of our amplitudes does 
exist in a general case. 


4. Branes and black holes on local P 2 . 

We will now use the results of the previous section to study black holes on 
X = 0(— 3) —> P 2 . As explained in section 2, to get large black holes on R 3,1 
we need to consider D4 branes wrapping very-ample divisors on X, which are 
then necessarily non-compact. Moreover, the choice of divisor D that should 
give rise to a dual of topological strings on X corresponds to 

D — N\D\ + N 2 D 2 + A 3 II 3 

where D^, i — 1, 2, 3 are the toric divisors of section 2. 

Using the results of section 3, it is easy to compute the amplitudes corre¬ 
sponding to the brane configuration. We have N± > N 2 > Ns D4 branes on 
three divisors of topology Di — 0(— 3) —> P 1 . From each, we get a copy of 
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quantum Yang Mills theory on P 1 with p — 3, as discussed in section 3. From 
the matter at the intersections, we get in addition, insertion of observables (|3.3|) 
at two points in each P 1 . 



Fig. 3. Local P 2 , depicted as a toric web diagram. The numbers of D4 branes 
wrapping the torus invariant non-compact 4-cycles are specified. 


All together this gives: 

3 

Z qYM — o' Vn 2 TZ 1 (N2,N 1 )Vn 3 nM,N 2 )Vn 3 nAN3,N 1 ) J] 

■RiEU(Ni ) j=l 

(4.1 

Note that in the physical theory there should be only one chemical potential 
for D2-branes, corresponding to the fact that H 2 (X, Z) is one dimensional. In 
the theory of the D4 brane we H 2 (D , Z) is three dimensional, generated by the 
3 P 1 's in D - the three chemical potentials 0 L above couple to the D2 branes 
wrapping these. While all of these D2 branes should correspond to BPS states 
in the Yang-Mills theory, not all of them should correspond to BPS states once 
the theory is embedded in the string theory. Because the three P 1 \s that the 
D2 brane wrap are all homologous in H 2 (X 1 Z), 

[Pi] - [Pil ~ o, [Pi] - [Pi] ~ o 

there will be D2 brane instantons that can cause those BPS states that carry 
charges in H 2 (D,Z) to pair up into long multiplets. Decomposing II 2 (I). Z) 
into a H 2 (D , Z)H = H 2 (X, Z) and H 2 (D , Z)- 1 , it is natural to turn off the the 
chemical potentials for states with charges in H 2 {D 1 Z)- 1 . This corresponds to 
putting 

6i = 6, i = 1,2,3. 
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For some part, we will keep the 0-angles different, but there is only one 6 natural 
in the theory. 

The normalization a of the path integral is chosen in such a way that Z q ym 
has chiral/anti-chiral factorization in the large iVj limit (see 4.6 and 4.10 below). 


a — 



, iV 3 , (JV!+JV 2 +iV3)6> 2 ( N 1 +N 2 +N 3 ) 3 
Wn 3 "r 24 ) g 6g a q 72 


The partition function simplifies significantly if we take equal numbers of 
the D4 branes on each I),. 


Ni = N, i = 1,2,3 


since in this case, we can replace ( [l. 1 2 |) form of the vertex amplitude with the 
simpler (|3.13|), and the D-brane partition function becomes 


ZqYM — a0 3N (q) ^2 ^n 1 TZ 2 (9s, N) S n2n3 {g s , N) S n3TLl {g s , N) q 

TZi,n 2 ,n 3 eu(N) j =1 


iOiC 1 (TZ i ) 


(4.2) 


In the following subsections we will first take the large iV,; limit of Z q ym to 
get the closed string dual of the system. We will then use modular properties 
of the partition function to compute the degeneracies of the BPS states of D0- 
D2-D4 branes. 


4-1. Black holes from local P 2 

According to the conjecture of jlj (or more precisely, its version for the 
non-compact Calabi-Yau manifolds proposed in ||) the large N limit of the 
D-brane partition function Zf )rane . which in our case equals Z q ym, should be 
given by 

Z q ym(D , g s , 9) ps 

a 

where 

t =^(N 1 + N 2 + N 3 )g s -i9 

since [D\ = [N\ + IV 2 + IV 3 ) [D t \ where [D t \ is dual to the class that generates 
H 2 (W, Z). In the above, the two expressions should equal up to terms of order 
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0(exp(—l/g s )), hence the “approximate” sign. The sum over a is the sum over 
chiral blocks which should correspond to the boundary conditions at infinity of 
X. More precisely, the leading chiral block should correspond to including only 
the normalizable modes of topological string on X , which count holomorphic 
maps to P 2 , the higher ones containing fluctuation in the normal direction |3:] [jDj. 
We will see below that this prediction is realized precisely. 

The Hilbert space of the qYM theory, spanned by states labeled by repre¬ 
sentations TZ of U(N), at large N splits into 

7i qYM « ®* Hf 0 UJ 

where Ti.} and 'H.J are spanned by representations R + and i?_ with small 
numbers of boxes as compared to N, and £ is the U( 1) charge. Correspondingly, 
the qYM partition function also splits as 

ZqYM ~ Z t 
l 

where are the chiral and anti-chiral partitions. We will now compute these, 
and show that they are given by topological string amplitudes. 

i. The Ni — N case. 


We’ll now compute the large N limit of the D-brane partition function 


(|4 . 2|) for Ni — N, i — 1, 2, 3. At large N, the U(N ) Casimirs in representation 
1Z = R + R-[£r] are given by 


C 2 {K) = k r+ + k r _ + N(\R+\ + \R-\) + N£ r 2 + 2£ r {\R+\ - |i?_|), 
C 1 (JZ) = N£ r +\R+\ - |i?_| 


(4.3) 


where 


N-l 

ftR ^ ^ Ri(Ri 

i= 1 

and \R\ is the number of boxes in R. 


2 i + l) 
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The S-matrix S R q is at large N given in [hi] 
q -( p2 + ^ S nQ (- g Sl N ) = M ( g _1 )?7( Q _1 ) Ar (-) |i? + l+l ' R - |+IQ + l+|g - 1 

Xq m R eQ q eQ(\R + \-\R-\) q e R (\Q + \-\Q-\) q N( ' R+l+lR -' 2 + ' Q+ \ + ' Q - ]) 


K R + + K R 


x 9 2 Xp ,V|F| ( - ) |P| ^'QTH + p(9)eQT R _pr(5). 


(4,4) 


The amplitude C R pQ(q) is the topological vertex amplitude of |15|].H In (|4.4| ) 

M(q) and g(q) are MacMahon and Dedekind functions. 

Putting this all together, let us now parameterize the integers £ Ri as follows 

3^ = £r x + £r 2 + £r 3 , 3n = £ Rl —£ Rs , 3k = £ R2 — £ Rs . 

It is easy to see that the sum over n and k gives delta functions: at large N 

z qYM (e^g a ) ~ 5(N(e 1 -e 3 ))5(N(9 2 -e 3 ))x z^(e, 9a ) ( 4 . 5 ) 

where 9^ — 6 in the finite piece. As we will show in Sec. 4.2 there is the same 
5-function singularity as in the partition function of the bound-states of N D4 
branes. There it will be clear that it comes from summing over D2 branes with 
charges in H 2 (X, D) A as mentioned at the beginning of this section. The finite 
piece in ( [4.5|) is given by 

zf q rTW,g s )=Y, (-)^ i=1 |Pil p 2 p 3 (t + mg a ) Z pt^t^ p t (t- mg s ) . (4.6) 

mez Pi ,P2,P3 

The chiral block in ([OJ) is the topological string amplitude on X = 0(— 3) —> 


z n,p„p,W=^o( 9 «,<)e- l “S, 1*1 J 2 e-*£, 

Rl ,R2,R3 


?T r>T (q)c. 


Ri R 1 P, 1 


?T jdT 0 q)c 


Ri R 2 P4 


R[ RiP s 


(4.7) 


where to — ~\Xg s and the Kahler modulus t is (we will return to the meaning 
of to shortly): 


•(?) 


8 The conventions of this paper and [15| differ, as here q — e 9s , but qthere — e Ss , con¬ 
sequently the topological vertex amplitude Crpq of [jl5| is related to the present one by 
C R PQ{q ) = CppQ(q _1 ). 
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More precisely, the chiral block with trivial ghosts Pi — 0, 


Z+ 0fi (t,g.) = Z^{t,g 3 ) 


is exactly equal to the perturbative closed topological string partition function 
for X = 0(— 3) —> P 2 , as given in |HJ. This exactly agrees with the prediction 
of 0 . 

The prefactor Z 0 (g s ,t) is given by 

t 3 

Z 0 (g s ,t)=e M 3 (q _ 1 )? 7 ^(q _ 1 ) 6 '^(q) 

As explained in [0 the factor q ~ ~ rj ^ comes from bound states of DO and 
D4 branes | [T4fl without any D2 brane charge, and moreover, it has only genus 
zero contribution perturbatively. 


Tji 


exp 


7T 2 t 


6 g 


+ (non — perturbative ) 


The factor 6 ^ comes from the bound states of D4 branes with D2 branes along 
each of three the non-compact toric legs in the normal direction to the P 2 , and 
without any DO branes. This gives no perturbative contributions 

6 i7 ~ 1 + (non — perturbative ) 

The subleading chiral blocks correspond to open topological string amplitudes 
in X with D-branes along the fiber direction to the P 2 , which can be computed 
using the topological vertex formalizm |[F| . The appearance of D-branes was 
explained in [9|] where they were interpreted as non-normalizable modes of the 
topological string amplitudes on X. The reinterpretation in terms of non- 
normalizable modes of the topological string theory is a consequence of the 
open-closed topological string duality on [Il 6 |. While this is a duality in the 


topological string theory, in the physical string theory the open and closed 
string theory are the same only provided we turn on Ramond-Ramond fluxes. 
We cannot do this here however, since this would break supersymmetry, and 
the only correct interpretation is the closed string one. 

To make contact with this, define 

z + (u 1: U 2 , Us) = Z Ri,R 2 ,Rs Tr Ri U 1 Tr R^ Tr Ra U 3 . 

Rl,R2,R3 
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where Ui are unitary matrices. This could be viewed as an open topological 
string amplitude with D-branes, or more physically, as the topological string 
amplitude, with non-normalizable deformations turned on. These are not most 
general non-normalizable deformations on X , but only those that preserve torus 
symmetries - correspondingly they are localized along the non-compact toric 
legs, just like the topological D-branes that are dual to them are. The non- 


normalizable modes of the geometry can be identified with [16 


T," = g,tr(un 


where the trace is in the fundamental representation. We can then write (|4.6|) 


as 


^ finite 


dU 1 dU 2 dU 3 \Z + (U U U 2 ,U 3 )\‘‘ 


where we integrate over unitary matrices provided we shift 


U ->Ue 


— to 


where to = ~\Ng s . This shift is the attractor mechanism for the non- 
normalizable modes of the geometry [||. In terms of the natural variables t n i, 
related by r™ = exp(—t to r’s we have 

ti = nt 0 

This comes about as follows [|9|]. First note that size of any 2-cycle C in the 
geometry should be fixed by the attractor mechanism to equal its intersection 
with the 4-cycle class [D] of the D4 branes, in this case [D] — 3 N[D t \. The 
relevant 2-cycle in this case is a disk Cq ending on the topological D-brane. 
The real part of tf measures the size of an n-fold cover of this disk (there is no 
chemical potential, i.e. to is real, since there is associated BPS state of finite 
mass). Then Q4.8D follows because 


#(670 n D) = -N. 


To see this note that in homology, the class 3 N[D t ] could equally well be repre¬ 
sented by — N D-branes on the base P 2 and the latter has intersection number 


(4.8) 
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1 with Cq. The factor of n in ( |4.8|) comes about since t n corresponds to the size 
of the n-fold cover of the disk. 


ii. The general Ni case. 


The case N± > N 2 > IV3 is substantially more involved, and in particular, 
the large N limit of the amplitudes ( |3. 1 % ) ( |4.1| ) is not known. However, as we will 
explain in the appendix D, turning off the 17(1) factors of the gauge theory, 
the large N limit can be computed, and we find a remarkable agreement with 
the conjecture of [Q. 

Let us focus on the leading chiral block of the amplitude. The large N , M 
limit of the interaction Vqr(M, N) (more precisely, the modified version of it 
to turn off the 17(1) charges) is 


(IQ+I + IQ—l)(JV — M) (|H + | + |H_|)(M-JV) 

Vq-r. ~ Pm q 2 q 2 

+«Q., + K Q_ ) 

1 5 Wq+R+M W Q-R-(q) 


(4.9) 


where 


l3 m = g(^+M)M(g- 1 )7 ? M (g- 1 )0 M (g) 


In ([47]) the Wpr is related to the topological vertex amplitude as 
W PR (q) = (-)l p l+'*' C oprR (q)q^ 2 . It is easy to see that for N — M this 
agrees with the large N limit of the simpler form of the Vjzq amplitude in 
(|3.13|). It is easy to see that that the leading chiral block of (|4.1|) is 


ZqYM ~ Zq 0 0 (t) Z 0 0 Q (t) 


(4.10) 


where Z,+ Ill ((! is 

Zofo, o = Zo Z w, R+0+ («)IV 0+ p + ( 9 )lVp +R+ ( 9 )e- l (l R +l + IO+l + l p +) 

R+,Q+:P+ 

which is the closed topological string amplitude on X. In particular, this agrees 
with the amplitude in ( [4.71) . In the present context, the Kahler modulus t is 
given by 

t=^(N 1 +N 2 + N 3 )g s -i6. 
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This is exactly as dictated by the attractor mechanism corresponding to the 
divisor [D] = (JVi +N 2 + N 3 )[D t ]\ 

The higher chiral blocks will naturally be more involved in this case. Some 
of the intersection numbers fixing the attractor positions of ghost branes are 
ambiguous, and correspondingly, far more complicated configurations of non- 
normalizable modes are expected. 


4-2. Branes on local P 2 

In this and subsequent section we will discuss the degeneracies of BPS 
states that follow from ( P~T| ) . Using the results of ( |3.17|) and (|3.18|) or by direct 
computation, it is easy to see that Z q yM is a modular form. Its form however 
is the simplest in the case 


N 1= N 2 = N 3 = N , 


so let us treat this first. 


i. Degeneracies for = N. 


In this case, the form of the partition function written in ( |4.2|) is more 
convenient. By trading the sum over representations and over the Weyl-group, 
as in ( |3.18|) , for sums over the weight lattices, the partition function of BPS 
states is 


Z q YM(N,6i, g s ) = j3 g^iW+r^-na+ns-m e * EL 

wES jv n\,n2,n 3 EZ N 

(4.11) 

where e(N ) = (1,.. ., 1) and j3 — a6 3N (q). The amplitudes depend on the 
permutations w only through their conjugacy classes, consequently we have: 


ZqYM — P ^ d(K) Z Kl x ... x Z Kr (4.12) 

K 

where K labels a partition of N into natural numbers N — K a , and d(K) 

is the number of elements in the conjugacy class of ,S'.y. the permutation group 
of N elements, corresponding to having r cycles of length K a , a — 1,..., r, and 

Z K {0i,g s ) = (~) WK g »K (ni )' n 2+ n 2' Tl3 + n 3-» 1 e iELi^ e(Jf) ' n ‘ (4.13) 

rii ,n2,n 3 EZ K 
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Here wk stands for cyclic permutation of K elements. Note that the form of the 
partition function ( |4.12| ) suggests that Z q yM is counting not only BPS bound 
states, but also contains contribution from marginally bound states correspond¬ 
ing to splitting of the U (TV) to 


U(N) -»■ U(K{) x U{K 2 ) x ... x U(K r ) 


In each of the sectors, the quadratic form is degenerate. The contribution of 
bound states of TV branes Zy diverges as 


Z N (0i,g a ) ~ jNmW-e^jNmM-es) = 6 ( N ( 9i _ e 3 ))5(N(9 2 - 0 3 )) 

mi,m 2 eZ 

This is exactly the type of the divergence we found at large TV in the previous 
subsection. This divergence should be related to summing over D 2 branes with 
charges in H 2 (D, Z) - * - these apparently completely decouple from the rest of 
the theory. 

More precisely, writing U(N ) — U(l) x SU(N)/ Zjv, this will have a sum 
over’t Hooft fluxes which are correlated with the fluxes of the 17(1). Then, Zy 
is a sum over sectors of different iV-alitv, 

N-l 

Z N (9i,g s ) = {-) WN q% {ei+e2+i3)2 e iN ^i 6i£i q h™ T M N m 

L i=0 t iE z+±i- roeZ 3(JV-i) + |* (i .) 


where A4 y is a non-degenerate 3 (N — 1) x 3 (N — 1) matrix with integer entries 
and is a shift of the weight lattice corresponding to turning on’t Hooft flux. 


Explicitly, 


c a = 

N 

Li , 

i = 1, 

2,3 

a — 0,. 

.TV 

where M N is 3 (TV - 1) x 3(TV - 

1) matrix 





( M n 

W N 

M n \ 


M 

N — 


Mn 

M n 




\m n 

Mn 

M n ) 


whose entries are 







( 2 

-1 

0 . 

.. 0 

°\ 


-1 

2 - 

-1 . 

.. 0 

0 


0 

-1 

2 . 

0 

0 

Mn — 







V o 

0 

0 . 

.. -1 

2/ 


(4.14) 


(4.15) 
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and 


W N = 


We can express Zjy in terms of ©-functions 


N-l 


/-I 

2 

-1 ... 

0 

°\ 


0 

-1 

2 ... 

0 

0 


0 

0 

-1 ... 


0 

( 4 . 16 ) 

V-i 

0 

0 ... 

0 

-1) 



Z N (O i: g s ) = (-) Wn S(N(9 1 -9 3 ))S(N(9 2 -9 3 )) ^ Q 1 [a(L i ),b](T) 83 ^- 3 [a(Li),b](i 

Li =0 


where 


and 


0 fe [a,6](r)= e 

neZ k 


7rir(n-|-a) 2 2ninb 


Ws M 
T= 2^ N ’ 


T = ^Mn 

Z 7 T 


a = 


Li + L2 + -Lj 


iV 


6 = — 0 , 

2n ’ 


*l=£(L), b = 0 , 


The origin of the divergent factor we found is now clear: from the gauge theory 
perspective it simply corresponds to a partition function of a 17(1) G U(N ) 
gauge theory on a 4—manifold whose intersection matrix is degenerate: j^{Ci D 
Cj) — 1, i. j — 1,2,3. More precisely, to dehne the intersection form of the 
reducible four-cycle D. note that D is homologous to the (punctured) P 2 in 
the base, with precisely the intersection form at hand. The contribution of 
marginally bound states with multiple 17(1) factors have at first sight a worse 
divergences, however these can be regularized by ((-function regularization to 
zero.! This is a physical choice, since in these sectors we expect the partition 


function to vanish due to extra fermion zero modes 141 17 


To extract the black hole degeneracies we use that the matrix 74 tv is non¬ 
degenerate and do modular S-transformation using 


©[a, 6](r) = det(r)-h 2niab e[b : -^(-t" 1 ) 

9 For example, Z N - M (9i, g s )Z M (9i, g s ) ~ <5(fc(0i - 0 3 )) x X) neZ 1 x 5{k{9 2 - 0 3 )) x XL e z 1 - 
where k is the least common divisor of N,M. Using £(2s) = l/n 2s , where (((0) = —we 

can regularize ^ z 1 = 0- 
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This brings Z N to the form 
Z N (0i, g a ) = 5{N(6 1 - 6 3 ))5{N(6 2 - 0 3 ))(~) 


W N 


1 3(JV-1) 

2tt \ 2 ( 2tt\ 2 , _1 , , 

Ws) v/w et 2 N 


N-l 


E X—> 27I- 2 ( D I N 6\2 2ni(L-i+L2+L 3 ) ^ 

\ g JV Sa 2 7 t- J g N * 

Li=otez 

where M.n is the matrix in ( |4.14Q . 


^ e~^ rn Mn m g -2irim-£(Li) 
m€Z 3(JV-l) 


u. Degeneracies for N 3 > N 2 > N 3 . 


When the number of branes is not equal the partition sum Z qY M is sub¬ 
stantially more complicated. By manipulations similar to the ones in appendix 
B, Z qYM can be written as: 


Z,ym = ae N ^ N >(q) £ (-)“ E E £ 1 

niG Z n i n2GZ Ar 2 n 3 GZ iV 3 


i(n^—77,3) n 2 -^(ni)+n 3 -77,2+723-^1 


g“5 n l( 1 ' | I/ ) n l g~ h n2 ^ >N 2\ N 3 rl2 q~ \ Tll ^ >N l\ N 3 ni 

q-v(n 1 )-(p Nl —pN 2 ) q- n 2-{pN 2 —PN 3 ) q- n i-(pN 1 ~Pn 3 ) e i8ie(N 1 )-n 1 +i6 2 e(N 2 )-n 2 +id 3 e(N 3 )-n 3 

where operator Pn\m projects IV-dimensional vector on its first M components. 

For example, consider Ni — 8. N 2 — 2,N 3 = 1. In this case there are six 
terms in the sum 


1 0 0 

i/i = | 0 1 0 

0 0 1 


0 1 0 

v 2 = | 1 0 0 

0 0 1 


1 0 0 

u 3 = I 0 0 1 

0 1 0 


0 0 1\ / 0 1 0\ / 0 0 1 

u 4 = I 0 1 0 ] , z/ 5 = [ 0 0 1, v 6 = 1 0 0 

100/ \0 1 0 


1 0 0 

In this simple case Z q ym bus the form 
Z qY M = ad\q') (jj (Z x - Z 2 


Z 3 Z 4 + Z§ Z§ ) q — e s s 


where 


Zi = 


^y det -i M(i) ■£ e -^(/+A«,) T A<-;(/ + A M) 
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where non-degenerate matrices M.U) for i = 1,... 6 are given by 


/I 0 0 0 0 0 \ 

0-10 1 0 1 

.. _ 0 0 0 0 i 0 

M(1) “010-101 
0 0 1 0 0 0 

Vo 1 0 1 0 -1/ 


-Ad (2) 


/I 0 0 0 0 0 \ 

0-1010 1 
0 0 0 0 1 0 

0 1 0 0 0 0 

0 0 10-11 
Vo 1 0 0 1 -1/ 


/0 



0 

Vo 


0 0 1 

-10 0 
0 1 0 

0 0 0 

1 0 0 

1 0 0 


0 0 \ 

1 1 

0 0 

0 0 ’ 

-1 1 

1 - 1 / 


/0 0 0 0 1 0 \ 
0 0 0 0 0 1 

.. _ 0 0 0 1 0 0 

M(4) “ 0 0 1 0 0 0 

1 0 0 0 -1 1 

Vo 1 0 0 1 -1/ 


0 \ 
1 

0 

0 

1 

-1 

and vectors A(p for i — 1 ,. .., 6 have components 

■A-(2) = a — 1, • • • , 6 

■A-(6 ) = A(3), a = 1 ,..., 6 


/0 0 0 1 0 0 \ /0 0001 

00000 1 [0-1010 

. . _ 0 0 0 0 1 0 . . _ 0 0 10 0 

M(5) “ 1 0 0 0 0 0 ’ M(6) “01000 
0010-11 1000-1 
Vo 1 0 0 1 -1/ Vo 1 0 0 1 


A(4) “ to (01 ’ 01 ’ 01 ’ ^ 2 ’ ^ 2 ’ ^ + 2n ^2’ ~2’ 2’ “2’ ^ 


-A-(5) — -A-(4) j 0=1,..., 6 
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5. Branes and black holes on local P 1 xP 1 

For our second example, we will take a noncompact Calabi-Yau threefold 
X which is a total space of canonical line bundle K over the base B — P^ x P^ 

X = K^ Pjjxpi 

where K — 0 (— 2, —2). The linear sigma model whose Higgs branch is X has 
chiral fields W, i — 0, ...4 and two U( 1) gauge fields U(1)b and U(1) F un¬ 
der which the chiral fields have charges (—2, 1, 0 , 1, 0 ) and (—2, 0 , 1, 0 , 1). The 
corresponding D-term potentials are 

\X 1 \ 2 + \X 3 \ 2 = 2\X 0 \ 2 + r B 

\X 2 \ 2 + \X 4 \ 2 = 2\X 0 \ 2 +r F 

The H 2 (X,Z) is generated by two classes [Dp] and [D B \. Correspondingly, 
there are two complexified Kahler moduli t B and t F , t B — r B — i0 B and t F — 
r F — i0 F . There are 4 ample divisors invariant under the T 3 torus actions 
corresponding to setting 


D., : Xi = 0, i = 1,2, 3, 4 

We have that [Di] — [D 3 } — [D B ] and [D 2 ] — [D 4 \ — [Dp], We take N\ and N 2 
D4 branes on D\ and D 3, and M\ and M 2 D4 branes on D 2 and D 4 respectively, 
corresponding to a divisor 

D — N\D\ T MiD 2 T N 2 D 3 Y M 2 D 4 

Since the topology of each D,, is 0(— 2) —> P 1 we will get four copies of qYM 
theory of P 1 with ranks N\ 2 and M\ 2 . In addition, from the matter at in¬ 
tersection we get 4 sets of insertions of observables ( [ 1.• >| ). All together, and 
assuming N 4j2 > Mi 2 . we have 


ZqYM — 7 V Q^VQ 2 K 2 Vn lQ2 VK 2Ql q'El^'Z^+cXQ,) 

Hi ,H 2 ,Qi,Q 2 

e ieB,iCi(Hi)+ie B ,2Ci{n 2 ) e ie FA Ci{Qi)+ie F ^ 2 Ci{Q 2 ) 


(5.1) 
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Above, 72-1,72.2 are representationss of U(N \) and U(N 2 ) and Q i, Q 2 are repre¬ 
sentations of U(Mi ) and U(M 2 ), respectively. 



Fig. 4. The base of the local P 1 x P 1 . The numbers of D4 branes wrapping the 
torus invariant non-compact 4-cycles are specified. This corresponds to q YM theory 
on the neclace of 4 P 1 ’s with ranks Mi, N\, M 2 , and N 2 . 


In principle, because dim(H 2 (D, Z)) = 4, there 4 different chemical po¬ 
tentials that we can turn on for the D2 branes, corresponding to 9b, i, 9p,i- 
In X however, there are only two independent classes, dim(H 2 (D , Z)) = 2, in 
particular 

Pi,J - Pb,J = 0. [Pt.il - PJ-.J = 0 

We should turn off the chemical potentials for those states that can decay when 
the YM theory is embedded in string theory, by putting 


9b ,1 — 9b, 2 , 9p, 1 — 9p, 2 - 


(5.2) 


For the most part, we will keep the chemical potentials arbitrary, imposing (|5.2|) 
at the end. The prefactor 7 is 

_( 2o 2 ,Mi\ _( 2 2 .Mai -^( (Ni+iV 2 ) 3 + (M 1 +M 2 ) 3 -3(iV 1 -(-JV 2 ) 2 (M 1 +M 2 )-3(Mi+M 2 ) 2 (iV 1 +Ar 2 ) 
— Q V ™l + 12 )n V P M 2 ^ 12 ) n aD V 


7 = 9 


x e 


e B e F (N 1 +N 2 +M 1 +M 2 ) 
4g s 


In the next subsections we will first take the large N limit of the qYM parti¬ 
tion function, and then consider the modular properties of the exact amplitude 
to compute the degeneracies of the BPS bound states. 
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5.1. Black holes on local P 1 x P 1 . 


We will now take the large N limit of Z q ym in ( |5 . 1|) and show that this is 
related to the topological string on X in accordance with the |1T| conjecture. 


i. The N — No — N = Mi = Mo case. 


In this case, we can use the simpler form of the vertex amplitude in (|3.12|) 
to write the q-deformed Yang-Mills partition function as: 


Z,YM = i Y S Kt& ( g „N)S Q ^(g„N)S KA (g„N)S &1it (g„N) 

Ri, 2 ,Qi, 2 €U(N) ( 5 . 3 ) 

^ OB,iCi(TZi)+i0F ! iCi(Qi) 


where 7 ' = 7 8 ^ N (q). Using the large N expansion for S-matrix (|4.4|) and 
parametrizing the U( 1) charges f'/?,, of the representations 1Z, as follows 


2 £b=£r 1 +£r 2 , 2,1 f — £q x + £q 2 , 2,n B = l Rl - £r 2 , 2n F = £ Ql - £q 2 , (5.4) 

we find that the sum over Ub,f gives delta functions 


Z qYM (N, g s ,0 B ,i,0 F ,i) ~ S(N(6 b , 1 -0 B , 2 )) 5(N(0 F: 1 —0 F , 2 )) Z^^ e (N, g s ,0 B ,0 F ) 


where 

Z qYM ~ (-)^ i = llPllz p 1 ,...,p,{ tB + mB 9s’ t F + m F g s ) 


mB,m F eZ P 1 ,...,P 4 


(5.5) 


Z pt pT (t B m B9si t F m F g^\ 

■*1 v > r 4 


In ( |5.5| ) the chiral block Z Ri p 4 (t B ,t F ) is given by 


z p 1 ,...,p 4 ( t B,t F ) = z o(g s ,t B ,t F )e ^ e 

Ri,R 2 ,Qi,Q 2 


—t B {\Ri\+\R 2 \) e —tF(\Qi I + IQ 2 I) 


x 9 2 ^ 1,2 Rz Ql C'QT Ri p i (q)C R TQ i p 2 (q)CQT R 2 p 3 (q)C R TQ 2 p 4 (q) 

(5.6) 


where Kahler moduli are 


t B — g s N — i0 B , t F — g s N — iO F . 
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The leading chiral block Zq 0 is the closed topological string amplitude on X. 
The Kahler moduli of the base P \ } and the fiber P l F are exactly the right values 
fixed by the attractor mechanism: since the divisor D that the D4 brane wraps 
is in the class [D\ — 2N[D F \ + 2N[D B \■ As we discussed in the previous section 
in detail, the other chiral blocks ( |5,6|) correspond to having torus invariant 
non-normalizable modes excited along the four non-compact toric legs in the 
normal directions to the base B. Moreover the associated Kahler parameters 
should also be fixed by the attractor mechanism - as discussed in the previous 
section, we can think of these as the open string moduli corresponding to the 
ghost branes. The open string moduli are complexified sizes of holomorphic 
disks ending on the ghost branes and these can be computed using the Kahler 
form on X. Since the net D4 brane charge is the same as that of —N branes 
wrapping the base, and the intersection number of the disks Cq ending on the 
topological D-branes with the base is #(Cq fl 23) = 1, so the size of all the disks 


ending on the branes should be to — — ^Ng s: which is in accord with (|5.6|) . The 
prefactor in (|5.6| ) is 


7 ( + / \ 24 * 2 3t%tB 3 t 2 B t F ^ A t B+ t F _1 \n tB+tF ( \ 

Zo(g s , t B , t F ) — e 9a M (q )r] as (q )6 a s (g) 


As discussed before, the eta and theta function pieces contribute only to the 
genus zero amplitude, and to the lion-perturbative terms. 


ii. The general iVi 2 , Mcase. 


We will assume here N t > Mj , i. j — 1, 2. Using the large N , M limit of 
Vjzq(N, M) with U( 1) charges turned off (see Appendix D) we find that the 
leading chiral block of the YM partition function is 


?J qYM ~ Z 0,...,o{ t B,t F )Z 0 _ _ Q {t B ,t F ) 


where 0 (t B , t F ) is precisely the topological closed string partition function 
on local P 1 x P 1 (Jl5| : 


Zt..,o ~ Zo 


E 


Wo + ^(g)W Qj - J ^( g )W Q + 


QT R i 


Rl 


(q)W QtRt (q)e- t ^ Q t\+\Qi^ e - t ^ R t\+^^ 


Qt’Q + 


,R+ 


Rl, 
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It is easy to see that this agrees with the amplitude given in ( |5.6|) . Moreover, 
the Kahler parameters are exactly as predicted by the attractor mechanism 
corresponding to having branes on a divisor class 

[D] = (IV, + N 2 )[D b } + (Mi + M 2 )[D f \. 

Namely, 

1 -b — ^(-^i ^2) 9 s — ^Bi tp — 2^1 + N 2 )g s — iOp- 

Note that the normal bundle to each of the divisor Dj is trivial, so the size of 
the corresponding P 1 in Di — 0(— 2) —> P 1 is independent of the number of 
branes on I),. but it does depend on the number of branes on the adjacent faces 
which have intersection number 1 with the P 1 . 

It would be interesting to study the structure of the higher chiral blocks. 
In this case we expect the story to be more complicated, in particular because 
some of the intersection numbers that compute the attractor values of the brane 
moduli are now ambiguous. 

5.2. Branes on local P 1 x P 1 

We will content ourselves with considering IVi, 2 = Mi .2 = TV case, the 
more general case working in similar ways to the local P 2 case. The partition 
function (|5.3|) may be written as 


Z qYM (N,9i,g s ) = 7 ' ^ (~) W q w ^i)-n 2 +n 2 -n 3 +n 3 -n 4 +n 4 - ni flie(JV) ' n ‘ 

wES jv n\,...,n 4 EZ N 

(5.7) 

where e(N) — (1,..., 1). As before in the case of local P 2 , the bound states 
of N D4-branes are effectively counted by the Z Y term, i.e. the term with 
w — wn■ Like in that case, Z?v is again a sum over sectors of different IV-ality, 

N — l 

Z N (O i ,g s ) = Y(-) WN Y J2 q N{il+WM) e lN ^=i edi Y ^ 

Li,...,L 4 =0 £. eZ+ ^ meZ 4(iV- 1 ) + |( L .) 


where Ad is a non-degenerate 4(TV — 1) x 4(TV — 1) matrix with integer entries 
and is a shift of the weight lattice corresponding to turning on’t Hooft flux. 
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More explicitly, 


3 

H 

II 

S •<* 

Vy> 

ii i 

!,-• 

., 4 a 

= 0,.. 

.N- 

M is 4 (IV — 1) x 4(N — 

1 ) matrix 







( ° 

W N 

0 

Mn \ 


M = 


0 

Mn 

0 




0 

Mn 

0 

Mn 




\m n 

0 

m n 

0 / 


whose entries are (N — 1) x (N 

-1) 

matrices 



( 2 

-1 

0 

0 . 

. 0 

°\ 


-1 

2 

-1 

0 . 

. 0 

0 


0 

-1 

2 

-1 . 

0 

0 

Mat 








V o 

0 

0 

0 . 

. -1 

2 / 

; m (1 









2 

-1 

0 .. 

. 0 

°\ 


0 

-1 

2 

-1 .. 

. 0 

0 


0 

0 

-1 

2 .. 


0 

W N = 








0 

0 

0 

0 .. 

. -1 

2 


V-l 

0 

0 

0 .. 

. 0 

-i! 


We can express Z n in terms of ©-functions 

Z N (0i,g a ) =YH Wn ${N(O ba -e B , 2 ))5(N(e FA -0 F , 2 )) 


N -1 


E 0 2 [a(Li),6](r) ©47V-4 [»(£*), b](f) 

Li,...,1/4=0 


where 


and 


and 


0 fc [a, 6 ](r)= E 


3 7rir (n+a) 2 2ninb 


ne Z k 


; Hh AT ( 0 1 

r= 2W 1 0/’ 


2 tt 


(5.8) 


(5.9) 


(5.10) 


,Ll + L3 L2 + -L 4 \ , /-W ^ Q \ C(T\ u n 


TV 


'2tt ' 2tt 
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To extract black hole degeneracies we use that matrix M. is 11011 -degenerate and 
do modular S-transformation using 


Q[a,b](r) = det(r) 2 e 2nmb Q[b, —o\(—t i ) 


After modular S-transformation Zjy is brought to the form 


Zn(9,9s) I' 8{N(0b,i — Qb,2))S(N(6f,i — dp, 2 ))(—) 


W N 


4(JV-1) 

2tc \ f 2 tt\ 2 _i 

I — I det 2 Ad 


Ng s J \9sJ 


N~ 1 

5] I] e ^ 

Li.,Z/4 =0 GZ 


(0 1 N6 B\fo'\ 27ri(I/ 1 +£, 3 ) 0 2iri(L 2 + L 4 ) D , 

' 2-7T a 4 -r 2 tt V AT Tv ^ 


E 

m€Z 4(JV-l) 


e ~ 2 fr rnTM lm g- 27 r im-£(Li) 


6. Branes and black holes on A& ALE space 

Consider the local toric Calabi Yau X which is Ap. ALE space times C. 
This can be thought of as the limit of the usual ALE fibration over P 1 as the 
size of the base P 1 goes to 00 . In this section we will consider black holes 
obtained by wrapping N D4 branes 011 the ALE space. 



Fig. 5. N D4-branes are wrapped on Ak type ALE space in Ak x C, for k — 3. The 
D-brane partition function is computed by U(N ) qYM theory on a chain of 3 P 1 ’s. 
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This example will have a somewhat different flavor than the previous two, 
so we will discuss the D4 brane gauge theory on a bit more detail. On the one 
hand, the theory on the D4 brane is a topological U(N ) Yang-Mills theory on 
Af, ALE space which has been studied previously |T<|| |[UE|| . On the other hand, 
the Ak ALE space has T 2 torus symmetries, so we should be able to obtain 
the corresponding partition function by an appropriate computation in the two 
dimensional qYM theory. We will start with the second perspective, and make 
contact with |18|][|L| later. 

As in [j3j and in section 3, our strategy will be to cut the four manifold 
into pieces where the theory is simple to solve, and then glue the pieces back 
together. The A type ALE space can be obtained by gluing together k + 1 
copies of C 2 . Correspondingly, we should be able to obtain YM amplitudes 
on the ALE space by sewing together amplitudes on C 2 . Moreover, since the 
C 2 and the ALE space have T 2 isometries, the 4d gauge theory computations 
should localize to fixed points of these isometries, and these are bundles with 
second Chern class localized at the vertices, and first Chern class along the 
edges. 

Viewed as a manifold fibered by 2-tori T 2 , C 2 has contains two disks, say 
Cbase and Cfiber that are fixed by torus action (see figure 2 by way of example). 
Viewed as a line bundle over a disk Cbase as a base, the U( 1) isometry of the 
fiber allows us to do some gauge theory computations in the qYM theory on 
Cbase- In particular, if the bundle is flat the qYM partition function on a disk 
(|3.7|) with holonomy U = exp (i <f A) fixed on the boundary of the Cbase fixed 
and no insertions is0 

Z(C)(U) = J2 ei6Cl{ ' R ' )s on( N ,9s)Tr n U. 
v. 

What is the four dimensional interpretation of this? The sum over 7 Z in the 
above corresponds to summing over the four dimensional U(N ) gauge fields 
with 

f F a — 7Z a g s , a — 1,.. .N, (6.1) 

Jfiber 


10 More precisely, as we explained in section 3, the coordinate U is ambiguous since the choice 
of cycle which remains finite is ambiguous. This ambiguity relates to the choice of the normal 
bundle to the disk, and the present choice corresponds to picking this bundle to be trivial, which 
is implicit in the amplitude. 
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11 


where 7 Z a are the lengths of the rows in the Young tableau of 77. H This is 
because on the one hand 


S 0K (N,g,) = (Tr K e‘f A ). 


(6.2) 


and on the other § A a — f base F a is conjugate to <f> a = Jf iber F a , so inserting 
( |6.2| ) shifts F as in ( |6.1| ). The unusual normalization of F has to do with the 
fact that qYM directly computes the magnetic, rather than the electric partition 
function: In gluing two disks to get an P 1 we sum over all 77’s labelling the 
bundles of the S-dual theory over the P 1 . 

If we are to use 2d qYM theory to compute the AT = 4 partition function 
on ALE space, we must understand what in the 2d language is computing the 
partition function on C 2 with 


'fiber 


F a Q s , 


F a = Q a gs, 0=1 


(6.3) 


1 base 


since clearly, what we call the “base” here versus the “fiber” is a matter of 
convention. Using once more the fact that <f> and j> A are conjugate, turning 
on f base F a — Q a g s corresponds to inserting Trge -1$ at the point on C base 
where it intersects Cfi ber . Thus, turning on ( |6.3| ) corresponds to computing 
(Trge _z$ Tr R e $ A ). This is an amplitude we already know: 

S Q n(N,g s ) = {Tr Q e- i *Tr R e i § A ). (6.4) 


Alternatively, the amplitude on C 2 with arbitrary boundary conditions (|6.3|) 
on the base and on the fiber is 


^ Skq(N , 9s ) Tr n U Tr Q V (6.5) 

n,Q 


We then glue the pieces together using the usual local rules. The only thing 
we have to remember is that the normal bundle to each P 1 is 0(— 2), and that 
at the “ends” we should turn the fields off. In computing ( |6.4|) we used the 
coordinates in which C 2 is a trivial hbration over both Cfi ber and C baS e , an d 
therefore to get the first Chern class of the normal bundle to come out to be 


To be more precise, 7 Z a in (6T) is shifted by \(N + 1) — a. 
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—2, we must along each of them insert annuli with 0(— 2) bundle over them. 

This gives: 

z= E So K(1) 5 K(1)Km ...S KM o4S c =< K U))e i E“<' K «>l, (6.6) 

Hi...7Zk 

There is one independent 6 angle for each P 1 corresponding to the fact that they 
are all independent in homology. These 0 angles will get related to chemical 
potentials for the D2 branes wrapping the corresponding 2-cycles. 


6.1. Modularity 

The S-duality of J\f = 4 Yang Mills acts on our partition function as g s —> 
By performing this modular transformation we will be able to read off the 

9s 

degeneracies of the BPS bound states contributing to the entropy. First, using 
the definition of the Chern Simons S-matrix, we find that 


Z= £(-!>“ E ?’ 

wGW ni ,.. .n/c £Z n 


.i + .-.+rifc— mri 2 —...—nfe_mfc £ id i |ru|+...0fc|nfc| pni+nfcu>(p) 


(6.7) 


Note the appearance of the intersection matrix of Ak ALE space. The fact 
that the Cartan matrix appears gives the k vectors U(N) weight vectors n“ 
i = 1,... k, a = 1,... N an alternative interpretation as N SU ( k ) root vectors: 


N 

z=E<- 1 )“Il E q^n a n a e i6n a q(p+uj(p)) a n a 

ujEW a=l n a eAf° 0 ( * fc) 

where 0 is a /.'-dimensional vector with entries 6,. From the above, it is clear 
that Z is a product of N SU ( k ) characters at level one. Recall that the level 
one characters are 

Xi)/, 


Xx (t,u) = 


rj k (r ) 


where 


9^\t,u)= 


3 7rir(n+A) 2 +27ri(nH-A)ii 


* A sum 


To be concrete, our amplitude is given as follows: 

N 

Z = ri(q) Nk E(- 1 )"IIA ) (’-.“ a (®^)) 

ui 6W a=l 
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Here, 


^ 9s a/n \ . iQs, . / \\a 

T = —, « i (e,w) = ^ + ^(p+u;(p)) 

Modular transformations act on the space of level one characters as: 

wGWfc A 

consequently, the dual partition function also has an expansion in terms of N 
level one characters. The product of N level one characters can be expanded 
in terms of sums of level N characters, so this is consistent with the results 
of H. Nakajima. The fact that the partition function is a sum over level N 
characters, rather than a single one is natural given that we impose different 
boundary conditions at the infinity of ALE space from [|T8|. 


6.2. The large N limit 

In the ’t Hooft large N expansion, using (|4.4|), we find that the partition 


function (67) can be written as follows: 


Zale= Y R |Pl|+ - |Pfe+l1 Y 

Zp p, (ti T Wi g s , .. •, ifc T frikQs) Z pT pT (ti m\g s ,.. ., nik.gs)i 

where m 's are related to the U( 1) charges of representations 7Z t as rn t — 2£ t — 
£i -1 — £i + 1 , for i = 1,..., k (where £q — £k+i — 0). The Kahler moduli are 


t 3 = — % Q :j . j = l,...,k, 


which is what attractor mechanism predicts: Since ALE space has vanishing 
first Chern class, the normal bundle of its embedding in a Calabi-Yau three-fold 
is trivial, and consequently \ k 0(7] = 0 where DA k is (N times) the divisor 
corresponding to the ALE space and C is any curve class in X. 

The normalization constant a ale in ( 16.70 was determined by requiring the 
large N limit factorizes in the appropriate way. 


OLALE = 


g (fc+l)( P 2 + £) e 


e T AB 

2 g s 


( 6 . 8 ) 


where A is the inverse of the intersection matrix of ALE. 
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The chiral block in the chiral(anti-chiral) decomposition of Zale lias the 


form 


Z 




Ri-..R k 


where 



(6.9) 


We see that the trivial chiral block Zq . 0 (ti,..., t*.) is exactly the topo¬ 
logical string partition function on ALE, in agreement with the conjecture of 


|[j]. Moreover, the higher chiral blocks correspond to having k + 1 sets of topo¬ 


logical “ghost “ branes in the C direction over the north and the south poles of 
the P l5 s. The associated moduli, i.e. the size of the holomorphic disks ending 
on the topological ghost branes is also fixed by the attractor mechanism, to be 
#(DA k riCdisk ) = N. This is gives exactly ( |6.9|) as the value of the correspond¬ 
ing Kahler moduli to, in agreement with the conjecture. As we discussed in 
section 4, in the closed string language, these are the noil-normalizable modes 
in the topological string on X. The classical piece of the topological string 
amplitude 



( 6 . 10 ) 


deserves a comment. Because X — A & x C, taking only the compact coho¬ 
mology the triple intersection numbers would unambiguously vanish. The non¬ 
vanishing triple intersection numbers can be gotten only by a suitable regular¬ 
ization of the C factor. This was already regularized, in terms of the Kahler 
modulus to of the lion-normalizable modes - which exactly give the measure of 
the size of the disk, i.e. C, making fd® a natural answer.0 

12 What is less natural is the appearance of the inverse intersection matrix of ALE. However, 
one has to remember that this is a non-compact Calabi-Yau, where intersection numbers are 
inherently ambiguous. 
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Appendix A. Conventions and useful formulas 


The S matrix is given by 

Sn Q (N,g a )= (-) w q~ w{n+PNHQ+Pn) 

wes N 

where q — exp(—g s ), and p a N = JV ~^ a+1 , for a = 1 Note that while 

the expression for S-jzq looks like that for the S-matrix of the U(N) WZW 
model, unlike in WZW case, g s is not quantized. Using Weyl denominator 
formula Tr-jix = — Xj)^2 weSN (—) w x w (' R ' +PN \ the 5-matrix can also 

be written in terms of Schur functions stz(x i, ..., xn) = Tr-j^x of A variables. 

SnQ/S 00 (g s ,N) = s n (q- pN - Q )s Q (q- pN ). 


Above, x is an A by A matrix with eigenvalues aq, i — 1 ,... A, as 
The S matrix has following important properties: 

S nQ (N,g s ) = S nQ (N , -g s ) = S^ Q (N,g s ) 

The first follows since (up to a sign that is +1 if A is odd and —1 if A is even), 
Q + Pn — —<Xn{Q + Pn) where u>n is the permutation that maps a —> A — a+ 1 
for a = 1,..., A. The second is easily seen by computing 

Y,Sitv(N,- g ,)Sve(N,g,)= Y. (")” Y 

V weS N n€ Z N 

= Y, (~) W S {N> (ujCpjv + n) - ( PN + S)) = Sue- 

wESn 
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where we absorbed one sum over the Weyl group into the unordered vector, n. 
Note that (pN + lZ) a and (pn + Q) a are decreasing in a, so the delta function 
can only be satisfied when w — 1. 

The large N limit of the S matrix for coupled representations 1Z — 
R + R-[£r], Q — Q + Q_[£q] is given in ( |4.4|) in terms of the topological ver¬ 
tex amplitude 


C RQ p{q) = C RQP (q x ), C RQP (q) = q * s P (q p ) ^ s R t /v (q P+p )s Q/ri (q pt+p ) 

v 

This has cyclic symmetry Cpq R — Cq R p, and using the properties of the Schur 
functions under q —> q~ l \ s R (q^ +p ) — (—l)\ R \s R T(q~Q ~ p ) also a symmetry 
under inversion: C R Qp(q~ 1 ) — (—)l- R l+l £ ?l+l p IC' Jit Qt pt(q). The leading piece of 
S in the large N limit is significantly simpler than ( |4.4| ). Since Co R Q(q) — 
(—)\ R \ + \Q\W RT Q(q)q~^ K Q we have: 

S nQ (g s ,N) ^(-)\ R +\ + \Q+\ + \ R -\ + \Q-\q- m ^Qq- l ^\Q+\-\Q-\\- £ Q(\ R +\-\ R -\) 
W R+Q+ (q)W R _Q_(q)q-%U R +^ R -^ Q +^ Q -U 

where 

W RQ (q) = s R (q p+Q )s Q (q p ) 
where p — —a + for a = 1 ,..., oo. 


Appendix B. Quantum Yang-Mills amplitudes with observable inser¬ 
tions 

Consider the U(N ) q-deformed YM path integral on the cap. As shown in 
0 this is given by 

Z qYM (C)(U) = J2SimTr n U. 

n 

The Fourier transform to the ( I> basis is given by the following path integral 
over the boundary of the disk, 

Z qY u(C)(U) = J d H $e^ Tr *$ A Z^C)^). 
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Since the qYM path integral localizes to configurations where $ is covariantly 
constant,so in particular $ and A commute, integrating over the angles giveJ^I 

Z q YM(C)(u) = j \\d(j)i e 3s Z q YM(C)(<j>), 

J ) 

l x 7 

where we defined a hermitian matrix u by U = e m , and 


A h{4>) = II 2sin[(<f>i - 0j)/2] = 2sin(<3 • $). 

a>0 


comes from the hermitian matrix measure over 0 by adding images under 0 —> 
0 + 27rn, to take into account the periodicity of <b. 

Now, in the <f> basis, the path integral on the disk with insertion of Trge l$ 
is simply given by: 

Z(C,Tr Q e i *)(<S>) = Tr Q e i * 


since $ is a multiplication operator in this basis. Transforming this to [/-basis, 
we use 


Tree'* := Xed) 


E, es ,(-i reW+a-* 


where Sn is the Weyl group and p is the Weyl vector. We also use the Weyl 
denominator formula 


JJ sin(<3 • 0) = ^ (-1 y e MP)4. 
uj^Sn 

Plugging this into the integral, and performing a sum over the weight lattice 
we get 


Z(C,T r a e‘*)(U) 


1 

A H (u) 


y: (-l) w <J(u + ig s v(p + Q)) 

ljEW 


13 There was an error in || where the denominator 1/A h{u) was dropped. In that case this 
only affected the definition of the wave function (whether one absorbs the determinant A h{0) 
into the wave function of 0 or not), but here we need the correct expresion. This normalization 
follows from [19] where the matrix model for a pair of commuting matrices with haar measure 
was first discussed. 
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We can extract the coefficient of this in front of Tv-rU by computing an integral 

I dUZ{C,Tr Q e^){U)Tr n U- 1 

which easily gives 

Z(C, Tr a e‘*)(U) = V S KS (g„ N)Tr K U. 

n 

where 

S KS (g„N) = J2<f (Q+l>HK+l,) 

i0 

in terms of q — e~ 9a . 

Another expectation value we need is of 

Z(C, Tr Q e*- in $ A )(U) 

We can compute this by replacing $by$ / = $ — n <f A everywhere. The only 
difference is that we must now transform from $ — n f A basis (with f A as 
a momentum) where the computations are simple to f A basis with $ as a 
momentum, and this is done by 

Z 2d YM(C)(U) = J d& e^' u+ ^ Tru2 Z 2dYM (C)(&). 

This gives 

Z(C,Tr Q e^~ in ^ A ){U) = ^g* Ca(<2) Sq^TtvJU 

n 

Appendix C. Modular transformations 

C.l. The vertex amplitude 

Consider the vertex amplitude corresponding to intersecting D4 branes: 
Z(u, V) = J2 V nQ (N, M)Tr n UTr Q V 

TZeU(N), QeU(M) 

where 

c ( 2 m \v) 

V-rq = ^ Q 2 Snvids, N) S-pQ(—g s , M) 

TEU(M) 


44 



Using the definition (|3.8|) of S R q and the Weyl-denominator form of the U(N) 
characters Z{U,V) becomes: 


Z(U,V) = 


A H (u)A H (v ) 


E E ^_ ^Wi+W 2+W3 + w ' 3 q 


I ' P + PM I I - * 

2 


w\,w 3 eSn w'„,W2ESm 


q{V+pM )-w' 3 (Q+Pm) q — CP+pn)-U3(TZ+pn) e iwi('R.+p N )-u e (Q+p M )"W2(iv) 

We can trade the sums over the Weyl groups, for sums over the full weight 
lattices: Put 

W‘2 = Wq 1 . W^W^Wq, 

this defines elements Wp , wq G Sm uniquely given W 2 ,w' 3 . Then, we can always 
find an element wp G Sn such that 


w 3 = w P 1 w R , 

for a given w 3 , by simply viewing wp as an element of Sn acting on first M 
entries of any N dimensional vector, leaving the others fixed. Finaly, find an 
w G Sn such that 

wi = w~ x w R , 


Note now that 

wp(P + pn) — up(P + pm) + Pn — Pm 

since uip acts only on first M entries of a vector and the first M entries of 
Pn ~ Pm ar e all equal, hence invariant under up. Using this and the fact that 
now only permutations w are counted with alternating signs, we can combine 
the sums ofer the weyl-groups with the sums over the lattices to write: 

Z{U,V) = Ah(w) _1 A H (v) _1 ( _ )“ q 4 q P-m q -(p+PN-PM)-n e in-w^) e im-v 

wESn m,pEZ M ; nEZ N 

Now split n — (n / ,n // ) where v! is the first M entries in n, n" the remaining 
N — M, and similarly put pn — Pm — (p'iP"), where we have treated pM as 
N dinemsional vector first M entries of which is the standard Weyl vector of 
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U(M), the remaining being zero, and u = ( u',u"). If one in addition defines 
m! — m — n' above becomes 


Z(U,V)=e M (q)A H (u)- 1 A H (v)~ 1 £ (-)“ £ 

weS N m'e z M 

E E 

n'eZ M n"€Z N ~ M 


II U „II / / / • /\ I • \ I // /• //\ 

—p -n —p -n n (‘W(iu )-\-iv)-\-n -uyiu ) 


where 0(g) = ^„ eZ g n2 is the usual theta function. We write n again as an 
N —dimensional vector ( n', n') — n to get our final expression 


Z(U,V) = 9(q) M AH(u)- L A H (v) 


-l 




E 

m'e z A 


(m ') 2 


wes N 


(-) w S{iv+w(iu)+{p N -p M )g s 


where v,pM are regarded as N dimensional vectors (v,0 N M ), (pm,O n m ). 


Appendix D. Large N limit of the vertex amplitude 

Here we find the large N, M limit of the interaction 

C ( 2 M) (V) 

Vno. — E Skv(N, g s ) q 2 Sp Q (M. g s ) 

V 

(we’ve dropped an overall factor). Using TS~ X — 6(q) M S~ 1 T~ 1 S~ 1 T~ 1 in the 
U(M) factor, this can be done by computing first the large N, M limit of 

Y J Snv{N,g s )S PA {M,g s ) 

v 

and then using large M limit of (TS'T)^g to get the full amplitude. In general, 
either version of the problem is very difficult and at present unsolved. Things 
simplify significantly if we turn off the U( 1) charges all together. This means 
we will effectively compute the SU(N) rather than U(N ) version of interaction. 
It will turn out that the crucial features that one expects from the amplitudes 
assuming the conjecture holds, are unaffected by this. In this case, the repre¬ 
sentations 7 Z are effectively labeled by Young tableaux’s. 
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From the free fermion description of the YM amplitudes it follows easily 
PI| that: 

E Snv(a„N)S PA (g„M)^ a N \q)a M \ q ) $0 (R+R-) 

VeU(M) 

fr {jN-iM + j-i] _ [\Nj-\M_ + j-i] 

l R t - A*+iN-\M + j- i] \R- -A- + \N-\M+j-i] 

x fr [IJV + lM-j-i+l] _ [IJV + lM-j-i+l] 

If, l R t + AJ + AJV + i M - j - i + 1] {R- + A+ + iJV + iM - j - i + 1] 

(D.l) 

where the arrow indicates taking large N, M limit and where aj\i(q) — 
q-(PN+$[)M(q)r] N (q), and similarly for ckm with M. N exchanged. 

For simplicity, we will be are interested only in the leading chiral block of 
the amplitude which determines the Calabi-Yau manifold that the YM theory 
describes in the large N limit, and neglects the excitations of non-normalizable 
modes. In this limit, the piece S 0 ( R+R _)(g s )S 0 ( A+A _^(g s ) gives 

M(|A + | + |A_|) AV(|fl + | + |fl_|) 

a M {q)a N (q)W A T 0 (q)W A T 0 {q)W R T 0 (q)W R T 0 {q)q 2 q 


where W R p{q ) = s R (q p )sp(q R+p ), and moreover W R0 (q ) = (— )\ R \q kR / 2 W R T Q (q). 
Of the infinite product terms, in the leading chiral block limit only the second 


row in ( p.l| ) contributes. This is because the interactions between the chiral 
and anti-chiral part of the amplitude are supressed in this limit. Using 


n 



IT. 1 Y sr(x 

i R 


we get 


const. X ^ Sp + (q R + +p )s P+ (q-( A + +p ' > )sp_(q R - +p )sp_(q-( A - +p) )qU P +\ + \ P ~\ )lL ^ L 
P+.P- 

The constant comes from regularizing the infinite products (see [|2U| for details) 
and can be determined by computing the leading large N. M scaling 


n 


n 

(i,j)eR+ 


[|JV - i M -j + i] 
[—p-lM-j + i] 

l±N-iM+j-i] 
[iN+iM + j-i] 


n 

( i,j)eA 


n 

(i,j)eR- 


[|JV - am -j + i] 

_ [-iN-iM-j + i] 

[AjV-AM+j-i] 
[\N+±M + j-i] 


K A + +«A 

2 


M(|H + | + |H„| + |A + | + |A_|) 

q 
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where i goes over the rows and j over the columns. All together, this gives 


E S nv (g„N)S PA (g„M) _(-)l*+l+|H- 
veu(M) 


q -^(\R + \ + \R_\) q - 


K R + + K R_ 
2 


“A + +«A 

q 2 


E<“ ) |P+l ir H+ P + (9)M/ P T^(9)9^' p +l 

P+ 

p_ 

Next, recall that (see appendix A) the large M limit (more precisely, the leading 
chiral block) of ( TST)~ 1 is 

(t-'s-'t-'Uq = a M (q- 1 )w A+Q+ (q)WA_ Q Aq)q~ KA++KA ^ KQ++fiQ ~ 


To compute our final expression, we need to sum: 

A M) cp) 

J2Snv(N,g s )q— ^% Q (M,^ s )^a M (g- 1 )(-) |P+l+|i? - 
v 


q -^(\R+\ + \R-\) 


*« + +«Q + 

q 2 


E (-) |P+l M / fl + P + (9)M / P + ^(9)^ +C!+ (9)9 i ^ |P+l 

^+A+ 


9 



E (-)' p -l^_ P _(g)(g)Vk A _ Q _(g)fi^ |p - 


P-,A_ 

Note that this contains an ill-defined expression 


Y. W PT^l'>W QtA+ (g) Y, W p?aAi') W Q-A-(i) (D.2) 

A+ A_ 

The physical interpretation of a finite version of this amplitude, with insertions 
of e _t l j4 +l and e~ t][A ~\ also suggests how to define ( |D.2|) . Namely, the finite 
amplitude is the topological string amplitude (more precisely, two copies of it) 
on 0(— 1) © 0( — 1) —> P 1 with D-branes as in the figure 6, where the size of 
the P 1 is t. In the limit t —> 0 the P 1 shrinks to zero size, and one can undergo 
a conifold transition, to a small S 3 of size e. In this case, the only holomorphic 
maps correspond to those with P+ = Q + , so that 

E^Ppfi?) w Q + aM =6(P+-Q+), 

a+ 
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and similarity for the anti-chiral piece, which is independent of e, as this is a 
complex structure parameter. 



Fig. 6. The figure on the left corresponds to 0(— 1 ) 0 0(— 1) —> P 1 with P 1 of size 
t with two stacks of lagrangian D-branes. The representations P\ and Q+ label the 
boundary conditions on open string maps. When t — 0 the Calabi-Yau is singular, 
but can be desingularized by growing a small S 3 . The singular topological string 
amplitudes can be regulated correspondingly, and with this regulator, they vanish 
unless P+ — Q -. See |27| / for more details. 


Our final result is: 

C (M) (V) 

J2S‘ R ,v(N,g a )q- a ^—Sp Q (M,g a )^a M (q- 1 )e M (q) (_)I* + H*-I+IQ + I+IQ- 


K, r> -|- K. rp K. /-) +/C 

■Idil+l + lfl-D-^dQ+l + IQ^I).—5^ 'll 


Q 2 W R+ Q + (q)W R _Q_(q) 

(D.3) 


49 















References 


[ 1 ] 

[ 2 ] 

[3] 

[4] 

[5] 

[ 6 ] 

[7] 

[ 8 ] 


H. Ooguri, A.Strominger, C. Vafa, “Black Hole Attractors and the Topo¬ 
logical String”, |licp-tli/0405146| . 

C. Vafa, “Two dimensional Yang-Mills, Black Holes and Topological 
Strings”, |hcp-th/0406058| . 

M. Aganagic, H. Ooguri, N. Saulina, C. Vafa, “Black Holes, q-Deformed 
2d Yang-Mills and Non-perturbative Topological Strings”, [hcp-tli/0411280| , 
Nucl.Phys. B715 (2005) 304-348. 

A. Dabholkar, F. Denef, G. Moore, B. Pioline, “Exact and Asymptotic 
Degeneracies of Small Black Holes”, |hcp-th/0502157| , JHEP 0508 (2005) 
021 

A. Dabholkar, F. Denef, G. Moore, B. Pioline, “Precision Counting of Small 
Black Holes”, |IicpTh/0507014| , JHEP 0510 (2005) 096 

D. Shili, X. Yin, “Exact Black Hole Degeneracies and the Topological 
String”, [hcp-th/0508174 . 


A. Dabholkar, “Exact counting of black hole microstates”, |hcp-th/0409148 


A. Sen, “Black holes, elementary strings and holomorphic anomaly”, |hcp- 
th/0502126|; “Black-holes and the spectrum of half-BPS states in N=4 su¬ 


[9] 

[ 10 ] 

[ 11 ] 

[ 12 ] 


[13] 

[14] 

[15] 


persymmetric string theory”, |hcp-th/0504005| . 

M. Aganagic, A. Neitzke, C. Vafa, “BPS Microstates and the Open Topo¬ 
logical String Wave Function”, |hcp-th/0504054 . 

C. Vafa, “Instantons on D-branes”, hcp-th/9512078| , Nucl.Phys. B463 
(1996) 435-442. 

J. Maldacena, A. Strominger, E. Witten, “Black Hole Entropy in M- 
Theory”, |hep-th/97110531 , JHEP 9712 (1997) 002 

G. Lopez Cardoso, B. de Wit, T. Mohaupt, “Corrections to macro¬ 
scopic supersymmetric black-hole entropy”, Phys. Lett.B 451,(309)1999, 
hcp-tli/9812082| ; “Deviations from the area law for supersymmetric black 
holes”, Fortsch.Phys.48, 49(2000), |hcp-th/9904005| ; “Macroscopic entropy 
formulae and non-holomorphic corrections for supersymmetric black holes”, 
Nucl. Phys. B 567, 87(2000), Hicp-th/ 9906094 . 

E. Witten, “Supersymmetric Yang-Mills Theory On A Four-Manifold”, 
|hcp-th/9403EF)| , J.Math.Phys. 35 (1994) 5101-5135. 

C. Vafa, E. Witten, “A strong coupling test of S-duality”, Nucl. Phys. B 
431: 3-77, 1994, |hcp-th/9408071 


M. Aganagic, A. Klemm, M. Marino and C. Vafa, “The topological vertex,’ 
|arXiv:hcp-th/0305132 . 


50 










































[16] 

[17] 


[18] 

[19] 

[ 20 ] 
[ 21 ] 


M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marino and C. Vafa, “Topolog¬ 
ical strings and integrable hierarchies,” |arXivdrcp-tli/0312085| . 

J. A. Minahan, D. Nemeschansky, C. Vafa, N. P. Warner, “E-Strings and 
N=4 Topological Yang-Mills Theories” |hcp-th/9802168| , Nucl.Phys. B527 
(1998) 581-623. 

H. Nakajima, “Instantons on ALE spaces, quiver varieties and Kac-Moody 
algebras”, Tohoku Univ. preprint 1993. 

M. Aganagic, A. Klemm, M. Marino and C. Vafa, “Matrix model as a 
mirror of Chern-Simons theory,” JHEP 0402, 010 (2004), |Iicp-th/0211098 . 
M. Aganagic, H. Ooguri, T. Okuda, to appear. 

M. Aganagic, M. Marino and C. Vafa, “All loop topological string ampli¬ 
tudes from Chern-Simons theory,” Commun. Math. Phys. 247, 467 (2004) 


|arXivdicp-th/0206164 


51 











